We study channeling radiation from electron beams with energies under 100 MeV. We introduce a phenomenological model of dechanneling, correct non-radiative transition rates from thermal scattering and discuss in detail the population dynamics in low order bound states. These are used to revisit the measured X-ray properties at the ELBE facility, extract parameters for dechanneling states and obtain satisfactory agreement with measured photon yields. The importance of rechanneling phenomena in thick crystals is emphasized. The model is then used to calculate the expected X-ray energies, linewidths and the brilliance for forthcoming channeling radiations experiments at Fermilab's ASTA photo-injector.
Introduction
Channeling radiation offers the promise of a quasi-monochromatic and tunable X-ray source with the use of electron beams of relatively modest energies in the tens of MeV passing through a thin crystal. This radiation has been experimentally observed at several laboratories and many of the experimental features are well understood from theoretical considerations, reviews can be found in several publications, see e.g. [1, 2, 3] .
Channeling and channeling radiation experiments have a long history at Fermilab, see e.g. [4] . Those were carried out at the A0 photoinjector which had a maximum beam energy of about 15MeV. A new photoinjector ASTA is being commissioned at Fermilab which will use an L-band (1.3 GHz) linac to generate beams with energies initially in the range 20-50 MeV and later up to 300 MeV and higher with the addition of one or more ILC style cryomodules [5] . Channeling radiation experiments with this beam have been planned and descriptions of the planned experiments can be found in [6, 7] . The goal is to generate X-rays beams with high average brilliance using low emittance electron beams with the aim of increasing the brilliance by about six orders of magnitude over that obtained with channeling experiments conducted at the ELBE linac [8] . Once demonstrated, compact X-ray sources from channeling radiation can be designed and built with X-band linacs.
In this report we revisit the theoretical model for channeling radiation with the aim of improving the calculation of the X-ray intensity. We compare the calculations of the revised model with the measurements of previous high brilliance experiments at ELBE and find better agreement of the photon yields with the experimental values. We then use this model to calculate the expected photon yields and X-ray brilliance at ASTA.
Theoretical model
In the case of planar channeling, the particle motion in its rest frame can be well approximated by motion in a single transverse direction (here x) orthogonal to the plane. For particle energies below 100 MeV, the X-ray energy spectrum is discrete and the radiation is best understood as transitions between the discrete bound states in the crystal potential and requires a quantum mechanical treatment. The Schroedinger equation for the electron wave function ψ(x) in the particle rest frame is
Here V (x) is the one dimensional continuum potential obtained by averaging the three dimensional atomic potential along the orthogonal directions (y, z). Taking into account the lattice periodicity, the potential can be expanded as a Fourier series
The Fourier coefficients V n are obtained from the Doyle-Turner coefficients (a DT , b DT ) [9] as 
Here g is the reciprocal lattice vector, V c is the volume of the unit cell, a 0 is the Bohr radius, r j are the coordinates of the jth atom in the unit cell and M( g) = 
where k is the electron wave number. In practice, the Fourier expansion for the potential and the wave function is limited to a finite number of modes M, in the cases considered here M = 20. Substitution of Eqs. (3) and (4) into the Schroedinger equation reduces it to an eigenvalue problem with a matrix A whose components are [10] A nn =h
Solutions to the eigenvalue problem results in the eigen-energies ε n and the coefficients c n determining the wavefunctions ψ(x).
Radiative transitions
Radiative transitions from one state to another lead to photon emission and the transition rates are given by Fermi's golden rule which states that the transition rate is proportional to the matrix element of the transition operator between the states, i.e.
where d/dx corresponds to the dipole operator and P n (z) is the population in the state |ψ n .
Applying this rule yields the differential energy angular spectrum from a state n to state m as [11, 13, 15] (7) where α f is the fine structure constant, λ C is the Compton wavelength of the electron, ε n , ε m are the energies of the states n, m respectively, µ is the photon absorption coefficient, E γ is the X-ray energy at the angle of observation, E 0 is the X-ray energy at zero angle, P n (z) is the population probability in state ψ n . α = γθ MS,ch where θ MS,ch is the multiple scattering angle during channeling and Γ T is the total linewidth of the transition n → m line. From this the differential angular spectrum is found from
where the integration is done over the linewidth of the spectral line with its peak at E γ .
These transitions only occur between states of opposite parity because the dipole transition matrix element is non-zero only between these states. The dipole operator is of oddparity and the bound states in planar channeling are states of definite parity; even parity for n even and odd for n odd.
With the wave function defined in terms of the Fourier coefficients c n , the dipole matrix elements between two states is given by
where d p is the inter-planar distance.
If the eigen-energies of the two states involved in the transition are ε m , ε n , the energy of a photon emitted at zero angle and emitted at angle θ with the beam direction are given by
Non-Radiative transitions
In addition to the radiative transitions, electrons can also change energy by non-radiative transitions which we discuss here. Electrons inn the lower bound states are closer to the atomic nuclei can change energy due to thermal scattering with the vibrational motion of the atoms. This energy exchange can lead to a change of the wave vectors within the same Brillouin zone (intra-band scattering) or even transfer them to different energy states (inter-band scattering). This electron-phonon scattering is the dominant contribution to the non-radiative transitions that change the populations of the states; a relatively smaller contribution is played by the electron scattering off atomic electrons. The transition probability due to thermal scattering that an electron will move from state k, ψ n with momentum k to state k ′ , ψ m with a different momentum k ′ is given by a transition rate per unit length W kn,k
where the potential V I describes the inelastic scattering. It is the imaginary part of a complex potential with the real part being the continuum potential V (x) which describes the elastic scattering. If the states m, n are the same, then W determines the transition rate for intra-band scattering while if they are different, it is the rate for inter-band scattering. Calculation shows that the variation of the rate within an energy band (Brillouin zone) is smaller than the variation between bands. For clarity of notation, we will drop the momentum indices from W in the following but they are understood to be present.
Similar to the real potential, the imaginary potential can also be expanded in a Fourier series as V
whereĝ is the unit reciprocal lattice vector.
We briefly summarize the procedure for calculating the imaginary potential and hence the Fourier coefficients V I ng , following the method in [16] . As is done in diagonalizing the real potential, the incident and scattered wave functions of the electron are represented as sums of Bloch functions with the sums extending over many reciprocal lattice planes. In general thermal scattering occurs in all three directions, hence a three dimenstional formalism is necessary. The incident ans scattered wave functions can be written as
Here the sum over n extends over reciprocal lattice planes, g n are the reciprocal lattice vectors while the sum over j extends over the atoms in the crystal. k 0 , k are the incident and outgoing wave vectors of the electron and q = k − k 0 . f el is the electron scattering form factor given by
Here V (r) is the real part of the atomic potential.
The transition rate is found from the intensity of the thermally diffuse scattering
where v is the velocity of the particle, dΩ is the solid angle into which the particle is scattered, V c is the volume of the crystal. The diffuse scattering intensity is related to the total scattering intensity via (15) Here I Bragg is the Bragg scattering or the coherent scattering intensity. Bragg scattering does not generally lead to energy exchange between electrons and the atoms but instead modulates the amplitude of the electron intensity in the crystal [17] . It occurs even when the atoms are stationary, so the diffuse inelastic scattering intensity is found by extracting only the contribution from the thermally induced vibrations.
In evaluating the scattered intensity, we make an assumption that the instantaneous position can be represented as r j (t) = R j + u j (t) where R j is the stationary equilibrium position of the jth atom while u j (t) represents the time dependent position due to thermal vibrations. Then a thermal averaging is performed assuming that the thermal vibrations are isotropic. The terms in the total scattered intensity I total that are independent of the atomic coordinates R define the incoherent thermally diffuse scattering
This would vanish in the absence of thermal vibrations.
Equating the two expressions for the transition rates in Eq.(11) and Eq. (14) leads to an expression for the Fourier coefficients
Using the Doyle-Turner expansions.for the real potential, the electronic form factors can be written as
where
Performing the integrations, the expression for the Fourier coefficients of the imaginary potential is
Again, we note that the coefficients V I g vanish in the absence of thermal vibrations u th = 0. This potential depends on the particle energy only through β , hence this potential is nearly independent of particle energy for relativistic electrons. This expression differs from the incorrect one in [16] . The resulting imaginary potential turns out to have a smaller magnitude and the opposite sign to the values used in the numerical modeling for the ELBE experiments [10] .
From the calculation, the transition rates W m,n are found to obey the approximate selection rule that only same parity transitions are allowed, i.e. |m − n| = even. The odd parity transitions are non-zero but small.
The population P n of a state ψ n changes as the electron propagates through the crystal. The rate of change is determined by the transition rates W m,n as
where W m,n is the transition probability from a state |ψ m to state |ψ n . The first term in the sum corresponds to entering the state |ψ n from other states while the second term corresponds to electrons leaving that state. In this model, equilibrium populations, i.e. dP/dz = 0 are reached when the populations in all states are equal P m = P n .
Dechanneling
If the electron is scattered into a free state, it is possible that the electron will remain in a free state and not be scattered back into a bound state while propagating through the crystal. In addition, multiple scattering can move electrons from lower states to higher states and effectively remove electrons from contributing to the radiation yield. This enhanced dechanneling can be taken into account phenomenologically in the above model by removing those electrons scattered into free state above a certain energy from contributing to the photon yield. Thus the above equation would be modified to a set of two equations. If n f denotes the free state at which electrons are dechanneled and do not scatter back into the bound states, then the propagation of the probabilities are given by
The first term in Eq (21) restricts the electrons entering state n to only those from states below n f while the second term allows the escape of electrons from this state to all states. Similarly for states at and above n f , electrons can enter from all states (1st term in Eq. (22)) but can only escape to states above n f . These set of equations conserve probability, i.e.
P n (z) = 0, as they should. In this model there are no equilibrium solutions except for those states which are depopulated at the beginning of the crystal and remain so. For the other states, the asymptotic solutions in this model at large z are given by dP n /dz < 0 for n < n f and dP n /dz ≥ 0 for n ≥ n f .
A complete theory would have transition rates from multiple scattering in the model, but in its absence we will use experimental data to find the best value for n f . In the cases we will consider, n f is found to be determined primarily by the crystal thickness and not by the electron energy. We expect that n f will increase with crystal thickness to reflect the higher rechanneling probability that electrons will scatter into bound states with increasing thickness. This was observed to be the case in experiments at the Darmstadt linac [15] and our fits to the experimental data from the ELBE linac will also show this to be the case.
A proper treatment of dechanneling at low energies using a quantum mechanical treatment still seems to be lacking. However, when the electron energy is high enough that channeling radiation can be treated classically, then a Fokker-Planck treatment of the diffusive motion has been used to describe dechanneling. Results from one such analysis and comparison with experiments using 855MeV electrons were reported in [18] . A brief survey of dechanneling phenomena at high energies for negatively and positively charged particles was reported in [19] .
Line width and length scales
The finite lifetime of quantum states, Bloch wave broadening of each energy band due to the variation of transverse momenta, and multiple scattering are the dominant sources of line broadening in the regime of our interest. Other less significant sources are the Doppler broadening due to emission at non-zero angles, electron beam energy spread and detector resolution. Here we will consider the dominant effects and the length scales associated with line broadening effects, more complete discussions can be found in [16, 10] .
Coherence length: This is a measure of the length over which a radiating electron stays in phase and it determines the lifetime of the bound states. Thermal (phonon) scattering, atomic electron (plasmon) scattering and other incoherent scattering effects change the phase of the initial wave function of the electrons and lose coherence. These scattering effects can be described by the imaginary potential discussed above. The coherence length L coh for transitions between two states n, m is given by
where V I m is the expectation value of the imaginary part of the complex potential in the state m. The line width due to this finite lifetime of each state is given by
The correction to the imaginary potential discussed in the previous section makes it smaller and hence the calculated coherence lengths are larger than those reported in [10] .
Bloch wave broadening: Each energy band has a finite width due to the spread of wave vectors within each Brillouin zone. Hence the energy spread from transitions between states n and m is given by
where g is the reciprocal lattice spacing and k ⊥ is the transverse component (here k x ) of the wave vector. The width is larger for the higher bound states because of their larger range of transverse momentum and the relative importance of Bloch wave broadening increases with energy as the number of bound states increases.
Multiple scattering of channeled particles: This contributes to the line width by changing the angle of the scattered electron and hence the angle at which photons are emitted and their energy. For particle scattering in an amorphous medium, the rms scattering angle is given by [20] θ
where d is the thickness and L r is the radiation length, the length over which an electron loses 1/e of its initial energy. This expression is considered to be accurate to about 10% for crystal thickness d down to 0.001 L r [20] . Experimental estimates show that the scattering angle of channeled particles in a crystal is less than that in an amorphous medium. Estimates of the scaling between the rms multiple scattering angles during channeling and in an amorphous crystal are in the range θ MS,ch ≃ (0.22 − 0.56)θ MS [16, 10] . The range of values in the numerical coefficient depends on the crystal thickness, smaller values for larger thickness, but is nearly independent of the beam energy.
The change in the angle of emission Doppler shifts the photon energy, with its energy given by the second equation in Eq. (10) . The mean photon energy is found by averaging the angle dependent energy over the distribution of multiple scattering angles, assumed to be Gaussian. Thus
while the rms width of this distribution may be taken as a measure of the linewidth due to multiple scattering,
Dechanneling length or Occupation length: A simple estimate of the length over which particles dechannel due to multiple scattering is given by setting the rms multiple scattering angle equal to the Lindhard critical angle yields [12] L dechan = α π
where U 0 is the depth of the atomic potential, E e is the particle energy. This is based on a strictly classical approach and predicts that the dechanneling length increases roughly linearly with energy. Measurements however have shown that the dechanneling lengths for electrons with energies in the tens of MeV are higher than the above simple estimate and do not scale linearly with energy [13] .
Quantum mechanically, a similar idea is expressed by the concept of an occupation length L occ which is the length over which the initial population in a quantum state n falls by a factor 1/e, i.e.
This occupation length depends on the states involved in the transition, the plane of channeling and on the beam energy. It was measured in a few experiments, e.g. [13, 14] with beam energies in the 5 -54MeV. Some measured values for the (1 → 0) transition in the (110) plane are shown in Table 1 .
We now briefly mention two other length scales of importance in channeling. Photon formation length: In the simplest version, this length represents the length scale over which the photon "shakes free" from the electron after formation and separates from it by a reduced wavelength λ /(2π) [3] . It is given by
where ω is the photon frequency. Clearly the crystal thickness should be larger than this formation length for a significant photon yield. Photon absorption length: The photon absorption length within a material is given by 1
where N A is the atomic density, A is the atomic number and σ T is the total cross-section of all processes that lead to photon absorption during its passage through the material. These include the photo-electric effect, Compton scattering and pair production for photon energies sufficiently above 1MeV. The scattering cross-sections for these processes are well known and the absorption lengths at different photon energies can be obtained from tables maintained by NIST [21] . Table 1 shows the values of these length scales for some representative electron and photon energies. The crystal thickness d should be large enough for enough photons to be emitted from the particle, so d > L f but small enough that most photons do not get absorbed within the crystal, i.e. d < L a . Since in all cases of interest d ≪ L r , the radiation length, the electron will lose very of its energy through its passage through the crystal. We also note that the classical dechanneling length found from the simple estimate in Eq (29) significantly under estimates the occupation length found from measurements at nearby energies.
Simulations of ELBE experiments
We used a Mathematica notebook developed for modeling the channeling radiation experiments at the ELBE facility [22] . This notebook (called PCR) or some version of it was used to model the ELBE experiments and results in [23] showed the line widths and photon yield were within a factor of 2 compared to the experimental results. However tests with the notebook available from the source [22] showed much greater discrepancies with the ELBE experimental results. We therefore corrected and added.features to the notebook, some of the more important changes are listed here: 1) Correction of the imaginary part of the potential as described in Section 2.2. This also included correcting the matrix elements of the imaginary part of the potential. These matrix elements now better obey the approximate selection rule that the non-radiative transitions occur primarily between states of the same parity. The Fourier coefficients of the real part of the potential are also calculated in the notebook. 2) Used the set of equations (22) to model the effects of enhanced dechanneling due to multiple scattering and other scattering phenomena from quasi-free states. 3) Included the effects of a finite beam divergence. 4) Corrected the contribution of Doppler broadening from multiple scattering to the line width 5)Included the contributions to the linewidth from Bloch-wave broadening and multiple scattering to the total line width. The notebook in [22] contained only the contribution from the coherence length. 6) Corrected the line shape in the intensity spectrum calculation 7) Included photon selfabsorption within the crystal.
Further improvements could be made to the physics model. These include 1) The rms multiple scattering angle in a crystal is obtained from that in an amorphous medium by a scaling factor, based on limited experimental data. This could be replaced by a calculation of the multiple scattering angle from first principles.
2) The effect of inelastic electron scattering off the valence and bound electrons on the transition matrix elements W mn needs to be included. The importance of electron scattering to the linewidth was discussed in [15] and will be discussed in Section 3.2 below. Table 2 shows the main parameters of the ELBE facility which we used in the simulations reported here.
First we discuss the coherence length calculation Since the corrected imaginary part of the potential is weaker that that used in the previous calculations for ELBE, the coherence length found here is longer that reported in [10] . We note that this coherence length Table 3 : Coherence lengths (µm) for the low order transitions includes only the effect of inelastic thermal scattering and does not include the effects of inelastic electron scattering. Table 3 lists the coherence length from thermal scattering at the ELBE energies for some low order transitions The coherence length for the 1 → 0 transition extracted from measured data [10] was about 0.65µm, more than a factor of two smaller than the calculated values. This discrepancy is most likely due to neglecting the inelastic electron-plasmon and electron-core electrons from the atom scattering.
Population dynamics
The populations in the states change as the electron moves through the crystal. In our simulations we have modeled dechanneling due to all effects in a heuristic fashion using the model with the free parameter n f in Eqs. (21) and (22) . Let n B denote the index of the highest bound state at a given energy; n B = 3 at 14.6 MeV and n B = 4 at 30 MeV with the ground state index n = 0. For each energy and crystal thickness, the appropriate values of n f were determined by comparing with the photon yield, to be discussed below in Section 3.2. Lower values of n f imply dechanneling from more free states and hence lower photon yields.
Here we discuss the probabilities P n (z) found from the numerical solutions of Eqs. (21), (22) . Figures 1 and 2 show the populations as a function of the distance into the crystal for thicknesses of 42.5µm and 500µm respectively at the beam energy of 30MeV. Only the three lowest bound states are shown in each case. The appropriate values of n f change with the thickness. The left plot in both figures show the populations without enhanced dechanneling (n f = 21). Without the additional dechanneling, the populations in the three states equalize and reach equilibrium at around 200µm, as seen in Fig. 2 . This length is relatively insensitive to the energy, being about the same at all energies modeled. Without dechanneling from multiple scattering, the photon yield was significantly higher than the experimental value.
Two values of n f were chosen such that the measured yield lay in between the calculated photon yields with these values of n f . At 42.5µm thickness, these values at 30 MeV were n f = (6, 5) while at 500µm, these were n f = (19, 18) . The middle plot in Figures  1 and 2 shows the populations with the higher values of n f in each case. As expected, the populations in these states do not reach equilibrium but continue to decrease with distance. At 500 microns, the three states have nearly equal populations and fall at the same rate implying that the occupation lengths are about the same in these states. The right plot in both figures shows the populations when n f is set so that the calculated yield is a slight under-estimate of the measured yield. For both thicknesses, we find that the populations in the n = 1 state increase by several orders of magnitude before reaching a maximum and falling at the same rate as in the even bound states. We find that if n f is so low that the initial increase in the n = 1 state is less than an order of magnitude, the dechanneling is too strong and the photon yield is much lower than the measured value. The dependence of P n (z) for different values of n f is similar at other energies. Fits to the population in the lowest order even states n = 0, 2 show good fits to an exponential form P n (z) = P n (0) exp[−z/L occ ], especially at the lower energies. At 30 MeV, a better fit is obtained with a sum of two exponentials of the form Table 4 : Values of the occupation length and the power law exponent q for two energies and thicknesses.
cally a ∼ 0.3. Since the intensity of the 1 → 0 transition is determined by the population in the n = 1 state, we consider it in a little more detail. Figure 3 shows the populations in this state at 30 MeV and different thicknesses at a few chosen values of the parameter n f . For both thicknesses we observe that as n f decreases, the distance at which the population reaches a maximum decreases and also decays at a faster rate, i.e. with a shorter occupation length. The behavior shown can be modeled by a functional form
Here L 0 is a length parameter determined by the maximum of the population while the distance at which the population is maximum is given by z m = qL occ . Table 4 shows fitted values of L occ and q at different beam energies and different thicknesses. The fits for the occupation length L occ in the bound states n = 0, 2 yield very similar values to those shown in this table. We observe that the occupation length changes relatively little with energy but depends strongly on the thickness. This is one indication that the rechanneling probability which increases with thickness has a strong impact on the population dynamics.
Rechanneling occurs when an electron in a dechanneled free state enters a bound state by losing transverse energy due to a number of processes including multiple scattering. It is possible that the rechanneling probability and the occupation length saturate for sufficiently thick crystals. Nevertheless from the results in Table 4 we can conclude that occupation lengths cannot be considered in isolation from rechanneling and crystal thickness and that classical expressions for the dechanneling length such as in Eq. (29) may be invalid in the quantum regime.
Equation Eq.(33) can be used to estimate the crystal thickness at which the intensity of the 1 → 0 transition will saturate. The intensity for a crystal of thickness d relative to an infinitesimally thin crystal in the limit that the photon absorption length L a is long compared to the crystal thickness is proportional to the integral of P 1 (z),
where Γ is the gamma function. Figure 4 shows the relative intensity as a function of the Table  4 , crystal thickness of ∼ 350µm may suffice to optimize the channeled fraction and the intensity of the 1 → 0 transition.
X-ray energies, line widths and photon yields
Here we discuss the main aspects of the X-ray photon spectrum for the ELBE parameters. We have assumed here and in subsequent calculations that variations in the incidence angle Table 5 : Results for X-ray energies and line widths using a diamond crystal in the (110) plane and the 1 → 0 transition. Experimental values from Tables IV and V in [10] .
from zero are small compared to the beam divergence. Table 5 shows the energies of the 1→ 0 transition for different beam energies and different crystal thicknesses. In order to mimic the experimentally observed dependence of the X-ray energy on the thickness, we have used E sim , the average value of the peak due to Doppler shift from multiple scattering, given in Eq(27). Due to the greater multiple scattering in thicker crystals, the value of E sim decreases with thickness. This trend is also observed in the experimental values when going from 42.5 to 500 µm at all energies but for 168µm only at one energy. In most cases, the simulated value agrees to within 6% which is well within the error bars on the measurements.
In comparing the linewidths, we have defined the quantityΓ exp as the experimental line width but with the detector energy resolution removed via a quadrature, i.e.Γ exp = Γ 2 exp − Γ 2 det where Γ exp is the measured linewidth. Table 5 shows that the simulated values are consistently smaller than the measured values, in some cases by more than half. The most likely reason for this under-estimate is the neglect of scattering off the atomic electrons. Genz et al [15] had concluded from their measurements that electronic scattering is not negligible in its contribution to the linewidth. In principle, the imaginary part of the potential for electron-electron scattering V I el could also cause non-radiative transitions and should be added to the potential for phonon scattering. However since the momentum transfers involved in electronic scattering are small, the transition rates m|V I el |n for m = n are small and therefore the transition rates to neighboring and more distant energy bands will be small. Thus their contributions to the population dynamics can most likely be ignored. However the linewidths involve the expectation values of the potential in the states involved in the transition, m|V I el |m etc and these can be comparable to the values for thermal scattering. dechanneling, and the other two for which the simulated yields are closest to the experimental yield. n B is the index of the highest bound state which changes with the energy.
From the results shown in Table 6 we observe first that without dechanneling, the photon yields in the model are significantly higher than experimental values in all cases and at the same energy, the difference increases with crystal thickness. This is a clear indication that dechanneling effects need to be included in the model. The last two columns show the simulated yields when these are included. We observe that the lowest free state n f relative to the highest bound state n B depends almost entirely on the crystal thickness. Thus with 42.5 µm, the experimental yield is bounded by the yield in the states (n B + 3, n B + 1) at all energies, with 168µm, the relevant states are (n B + 9, n B + 7) again at all energies while with 500µm, the relevant states are (n B + 15, n B + 14) at 14.6 MeV and 30 MeV and (n B + 16, n B + 15) at 17 MeV.
The fact that these bounding states depend only on the thickness and not on the energy is both significant and useful. It shows a) that the energy dependence in the model is reasonably accurate and b) the conjecture that the experimental yield is obtained by including dechanneling effects which increase with crystal thickness is most likely correct. It is useful because results obtained with a given crystal thickness at a certain energy can be used to predict the yields at other energies. We will use this feature in the next section to estimate the photon yields with ASTA parameters. Another significant conclusion inferred from the results in Table 6 is that rechanneling is important, especially for thicker crystals. We find that for a thickness of 42.5µm, the assumption that dechanneling occurs from all the free states is a good model but for thicker crystals, that leads to yields much smaller than experimental values. The fact that n f in the model increases with thickness in order to match the experimental yields shows that rechanneling significantly affects the observed yield. The relative absence of rechanneling in thin crystals would explain why only the populations in the bound states and the lowest free states can be considered to contribute to the radiation yield. For thicker crystals this is a likely a wrong assumption that drastically reduces the yield. Instead the electrons which are in the higher free states can also scatter back into the bound states and increase the yield by radiative emission. Figure 5 shows a comparison of the experimental yields with the 20% error bars quoted in [23] as a function of energy with the simulated photon yields from the two bounding states with dechanneling. We observe that the lower value of the simulated yield is within 
Exp,500µm Theory, 500µm Table 6. 15% of the experimental yield in most cases. This compares to nealy a factor of two difference in the earlier simulations [23] . It is clear that the simulation model with the lower value of n f can be used to predict the expected yield over this range of thicknesses. We will use the population equations, Eqs. (21), (22) , with the lower n f to calculate the expected yield with ASTA parameters.
ASTA simulations
In this section we apply the model to the ASTA photoinjector and calculate the expected Xray properties including the brilliance. The main parameters of ASTA are shown in 1.54 0.98 Table 7 : ASTA beam parameters at two different electron energies. A diamond crystal will be used cut parallel to the (110) planes.
The major improvement over the ELBE facility is in the transverse emittance of the electron beam. Recent developments have shown that normalized emittances of less than 100 nm can be obtained with a conventional laser photocathode by suitably reducing the laser spot size [24] . Recent studies of field emission based cathodes using needle like structures with tips of 5nm radius of curvature have shown promising results [25] . Estimates show that the normalized emittances of the electron beam at the cathode can be as small as 1nm.
Simulations have shown that this emittance is mostly preserved from the source to the crystal about 5m downstream. However, in the calculations reported here we will assume a normalized emittance of 100 nm. Reductions in this emittance will increase the spectral brilliance. Diamond crystals cut parallel to the (110) plane are already available and these will be used for all the studies reported here. Figure 6 shows the real potential with the bound states at 20 MeV and 50 MeV and the imaginary potential. These potentials depend on the crystal lattice and the chosen planes while the number of bound states (shown as bands in the two figures) increase with beam energy roughly as γ 1/2 . The depth of the real potential for the (110) plane in diamond is about 23.8 eV while the height of the imaginary potential is about 0.045 eV. Figure 7 shows the transition probabilities W mn calculated using Eqs. (11) and (19) for the four bound states at 20 MeV. As mentioned earlier, they obey the approximate selection rule W mn = 0 if |m − n| = odd. The diagonal matrix element W nn is the largest for each n and decreases with increasing energy transfer as |m − n| increases. Several conclusions can be drawn from these transition rates. For example, most of the transitions from the lower bound states are to the bound states. At n = 0, only 16% of the transitions take an electron to a free state n ≥ 4, this increases to 36% from the next bound state n = 1 and to 52% from n = 2.Since the transition rates W nm are larger at lower n, the bound states will depopulate faster than the free states will be populated. Figure 8 shows the probability density of the first three bound states at beam energies of 20 MeV and 50 MeV. The eigenstates have definite parity, consequently the even states have a local maximum at the nucleus while the odd states have a node at the nucleus. We also observe that the probability densities of these states increase slightly with energy and they are more localized around the nucleus at 50 MeV. Figure 9 shows the initial population at the entrance of the crystal for different incidence angles. The transverse energy increases with incidence angle and the initial populations in these states also change, in particular being non-zero for the odd states as well. Increased initial population P 1 (0) in the n = 1 state would increase the photon flux in the 1→0 transitions. At 20 MeV, P 1 (0) is maximum at an incidence angle of 0.54mrad while at 50 MeV, the maximum is at 0.3mrad. The left plot in Fig.10 shows the initial population as a function of the beam divergence at beam energy of 50 MeV. These populations will be dominated by the electrons incident at close to zero angle. Thus in the even states we observe a slow decrease with divergence and not the oscillations seen in the higher even states in Fig. 9 . In the odd states however, the non-zero contributions are due to electrons with non-zero incident angle and thus in the n = 1 state we observe a slow rise and a broad maximum at a beam divergence of 0.3mrad, matching the maximum location seen in Fig.  9 . This optimum divergence is well below the critical angle 0.98mrad for channeling at 50 MeV. The right plot in Fig. 10 shows the initial populations as a function of the incidence angle when the beam divergence is set to 0.3mrad to maximize the population in the n = 1 state. Now we observe that the maximum in all states is obtained at zero incidence angle, so there is no advantage in tilting the crystal with respect to the beam direction when the beam divergence is optimum. The same observations hold at 20MeV where the optimum beam divergence is about 0.5mrad.
Potential and Populations
From the decay of the populations with distance into the crystal, we find that the occupation lengths are about 9µm with a 42.5µm thick crystal and about 20µm with a 168µm thick crystal. These values are about the same at 20 and 50 MeV and for the different bound states.
X-ray energies, linewidths, photon yields
We discuss the X-ray intensity spectrum expected at ASTA and consider the effects of beam divergence on the spectrum. Fig. 11 shows the angular intensity spectrum (photons/srelectron) with different beam divergences for a crystal thickness of 168 µm at two energies. At the beam energy of 20 MeV, the 1→0 transition leads to the highest peak at 29.3keV with a width of 1.8keV while the 2→1 transition leads to a lower peak at 16.5 keV with a broader width of about 2.1keV. From our discussion of the ELBE simulations, we expect these linewidths to under-estimate the physical width by roughly a factor of two. At a beam energy of 50 MeV there are more bound states and we observe more lines in the spectrum. The highest energy peak is still from the 1→ 0 transition at 141.9keV with a width of 9keV while the most intense peak is from the 2→1 transition at 89.3keV with a width of 5.7keV. There are also lower energy and less intense lines from the 3→2 transition at 66.3keV and from the 4→3 transition at 53.6keV. In these calculations, the effect of the beam divergence on the initial populations in the different states is included but not the change of channeling fraction with the divergence. The spectrum with a beam divergence of 0.1mrad is very close to that of the single electron spectrum for both energies. At 20 MeV, the yield in the 1→0 transition at 0.54mrad divergence is higher compared to the yield at 0.1mrad, but decreases on further increasing the divergence to 1mrad. At 50 MeV, similar behavior is observed with the maximum in the 1→0 and the 3→2 transitions at a divergence of 0.3mrad. Since the divergence affects the dechanneling fraction, the observed spectrum may have a somewhat different dependence on the beam divergence. Table 8 shows the X-ray energies, linewidths and photon yields expected at ASTA. Based on the ELBE simulations, the energies are expected to be accurate to better than 10%. However the linewidths will be about a factor of two larger than the values in this table, as follows from the discussion in Section 3.2. This table also shows the photon yields for two cases: without enhanced dechanneling and with this dechanneling with the parameter n f set to the value which under-estimates the yield; see the discussion following Table 6 and Fig. 5 . Table 8 : Expected X-ray energies, linewidths and photon yields with and without dechanneling. The yields were calculated with the beam divergence set to 0.1mrad and the incidence angle to zero. . At 50 MeV, the values for both the 1→0 and 2→ 1 transitions are shown.
Spectral brilliance
A radiation source is usually characterized by the number of photons emitted per second per bandwidth per unit solid angle and unit area of the source, also called the spectral brilliance. The photon yields found above can be used to estimate the expected X-ray spectral brilliance at ASTA. The yield as calculated in Section 4.2 depends on the beam divergence through the dependence of the initial population on the divergence, as shown in Fig. 10 . It does not include the likelihood that particles in the distribution with incidence angles greater than the Lindhard critical angle θ C will not be channeled. With this assumption of no rechanneling, the yield could be multiplied by the fraction of particles with incident angles less than θ C ,
where Erf is the error function, σ ′ e is the electron beam divergence and θ C = 2U 0 /E e /β for planar channeling with U 0 the depth of the potential.
The average brilliance of the radiation emitted by a beam of electrons can be written in terms of the differential intensity spectrum per electron as
where I av is the average electron beam current, E γ is the energy of the X-ray line and σ γ is the X-ray beam spot size. Expressed in terms of the yield per electron and in a 0.1% band-width we have the average brilliance expressed in typical light source units
Y is the total photon yield per electron, ∆E γ /E γ is the relative width of the X-ray line. Setting the X-ray beam spot size to the lower limit value of the electron beam spot size σ γ = σ e = ε N /(γσ ′ e ), ε N is the normalized emittance in mm-mrad. and the X-ray divergence is σ ′ γ = 1/γ. Figure 12 shows the expected brilliance at 50 MeV, for two crystal thicknesses using Eq.(37). With the assumptions made above, we observe that that the brilliance increases with the thicker crystal by about 70% as the beam divergence equals the Lindhard critical angle. Table 9 shows the brilliance and photon flux at two energies for a crystal thickness of 168 µm, again with the same assumptions as in Figure 12 . Since the values quoted are for the beam divergence of 0.1mrad, the value quoted for the ELBE experiment and used in setting the value of n f in Eqs. (21) and (22) , the deviations from the values to be observed at ASTA may be small. Table 9 : X-ray brilliance and photon flux from the 1→ 0 transition with ASTA parameters for two energies and crystal thickness of 168µm. The estimated energy spreads shown are a factor of two larger than the calculated values. ‡ Units of the brilliance are : photons/(s-(mm-mrad) 2 -0.1% BW)
As steps towards increasing the brilliance, one could consider increasing the beam current either with a higher bunch charge or a higher micropulse repetition rate if the crystal does not suffer damage from heating at the lower currents. A more promising path would be to lower the emittance since the brilliance depends inversely on the square of the emittance. The results above have assumed an electron emittance of 100 nm using a laser photocathode. First tests of operation with a field emission cathode mentioned above have recently been reported [26] . Assuming that success is achieved with these cathodes and that the low emittance generated can be preserved until the crystal, the brilliance could then be increased by about two orders of magnitude above the values reported here.
Conclusions
In this report we have studied the expected spectral brilliance of X-rays from channeling experiments to be performed at the ASTA photoinjector. We revisited the theoretical model, corrected the potential describing thermal scattering and developed a heuristic model to include dechanneling in the population dynamics. We used the updated model to first compare with the experimental values reported from the ELBE facility and second to predict values for ASTA.
We compared the energies, linewidths and photon yields from the model with the results at the ELBE facility. With appropriate choices of dechanneling states in the model, the simulated yield agrees well with observed photon yields, see Fig.5 . The theoretical linewidth is about a factor of two smaller than the observed values. This is due to the neglect of electron scattering with the atomic electrons and the plasmonic modes. This scattering affects only the linewidth but does not affect the photon yields. From the population dynamics we were able to estimate, for different quantum states, the occupation length whose classical analog is the dechanneling length. The occupation length was found to increase with crystal thickness but was nearly independent of beam energy in the energy range studied. This pointed to the importance of rechanneling in the quantum regime where particles in the free states can be scattered back into the channeled bound states. Rechanneling increases with crystal thickness and explains why the measured occupation lengths are longer than simple classical estimates. We found that the optimum crystal thickness to maximize the intensity of the 1→0 transition is about 7 times the occupation length.
When applied to ASTA, the model finds that with an electron beam energy of 50 MeV, X-ray peaks are expected at about 142keV from the 1→0 transition and at 89keV from the 2→1 transition with linewidths around 14%. The ability of channeling radiation to produce hard X-rays with moderate beam energies is one of the main premises for these experiments. We find that with a crystal thickness of 168µm and electron transverse emittances of 100nm and beam current of 300nA, the expected brilliance is of the order of 10 10 photons/(s-(mm-mrad) 2 -0.1% BW). It is possible that thicker crystals may increase the brilliance to some extent above these values. Significant increase in the brilliance by about two orders of magnitude could be achieved with ultra-low emittance beams using field emitter cathodes and beam studies with these novel cathodes are in progress.
